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FUNCTIONS 

Functions: Functions are a tool for describing the real world in mathematical terms. A 

function can be represented by an equation, a graph, a numerical table, or a verbal 

description. 

 

y = f(x) ("y equals f of x"). 

 

DEFINITION : A function  f  from a set D to a set Y is a rule that assigns a unique 

(single) element  f(x) ∈ Y to each element x ∈ D . 

 

 

Domain and Range 

 
Domain: The set D of all possible input values is called the domain of the function. 

Range: The set of all values of f(x) as x varies throughout D is called the range of the 

function. 

Remarks: 

1 – The symbol  f  represents the function, the letter  x  is the independent variable 

representing the input value of  f, and y is the dependent variable or output value of f  at x. 

2 – The range may not include every element in the set Y. 

3 – The domain and range of a function can be any sets of objects, but often in calculus they 

are sets of real numbers interpreted as points of a coordinate line. 

4 – Often a function is given by a formula that describes how to calculate the output value 

from the input variable. 

5 – When we define a function y = f(x) with a formula and the domain is not stated explicitly 

or restricted by context, the domain is assumed to be the largest set of real x-values for which 

the formula gives real y-values, the so-called natural domain. 

6 – Changing the domain to which we apply a formula usually changes the range as well. 

7 – When the range of a function is a set of real numbers, the function is said to be real- 

valued. 

8 – The domains and ranges of many real-valued functions of a real variable are intervals or 

combinations of intervals. 

9 – The interva1s may be open, closed, or half open, and may be finite or infinite. 

10 – The range of a function is not always easy to find. 

11 – A function f is like a machine that produces an output value f(x) in its range whenever 

we feed it an input value x from its domain (Figure 1.1). 

 

 
 

12 – A function can also be pictured as an arrow diagram (Figure 1.2). 



 

 
13 – A function can have the same value at two different input elements in the domain, but 

each input element x is assigned a single output value f(x). 

 

EXAMPLE 1: Let's verify the natural domains and associated ranges of some simple 

functions. The domains in each case are the values of x for which the formula makes sense. 

 

 
 

Solution: 1 – The formula 𝑦 =  𝑥2 gives a real y-value for any real number x, so the domain 

is (- ∞, ∞). The range of 𝑦 =  𝑥2 is [0, ∞) because the square of any real number is 

nonnegative  and  every  nonnegative  number   y   is  the  square of  its  own square root , 

𝑦 =  (√𝑦)
2
 for  𝑦 ≥ 0 . 

2 – The formula y = l/x gives a real y-value for every x except x = 0. For consistency in the 

rules of arithmetic, we cannot divide any number by zero. The range of y = 1/x , the set of 

reciprocals  of  all  nonzero  real  numbers , is  the  set  of  all nonzero real numbers, since  

y = 1/(1/y) . That is, for y ≠ 0 the number x = 1/y is the input assigned to the output value y. 

 

3 – The formula 𝑦 =  √𝑥  gives a real y-value only if 𝑥 ≥ 0 . The range of 𝑦 =  √𝑥 is [0, ∞) 

because every nonnegative number is some number's square root (namely, it is the square 

root of its own square). 

4 – In 𝑦 =  √4 − 𝑥, the quantity 4 – x cannot be negative . That is, 4 – x ≥ 0, or x ≤ 4. The 

formula gives real y-values for all x ≤ 4. The range of √4 − 𝑥 is [0, ∞), the set of all 

nonnegative numbers. 

5 – The formula 𝑦 =  √1 − 𝑥2 gives a real y-value for every x in the closed interval from - 1 

to 1. Outside this domain. 1 − 𝑥2 is negative and its square root is not a real number. The 

values of 1 − 𝑥2 vary from 0 to 1 on the given domain, and the square roots of these values 

do the same. The range of √1 − 𝑥2 is [0, 1]. 

 

 



 

Graphs of Functions: 
If  f  is a function with domain  D, its  graph  consists  of  the points  in  the  Cartesian  plane 

whose   coordinates  are  the  input - output  pairs  for   f . In set notation. The graph is 

{(x, f(x)): 𝑥 ∈ 𝐷} . 
 

EXAMPLE: Graph of the function   f(x) = x + 2 is the set of points with coordinates (x, y). 

 

 
 

EXAMPLE 2:  Graph the function 𝑦 = 𝑥2 over the interval [-2, 2]. 

Solution: Make a table of xy-pairs that satisfy the equation   𝑦 = 𝑥2. Plot the points (x, y) 

whose coordinates appear in the table, and draw a smooth curve (labeled with its equation) 

through the plotted points (see Figure 1.4). 

 

                            FIGURE 1.4 Graph of the function in Example 2. 

 

Examples for Graphs the function: 

1 - Representing a Function Numerically 

 

   We have seen how a function may be represented algebraically by a formula (the area 

function) and visually by a graph. Another way to represent a function is numerically, the 

graph consisting of only the points in the table is called a scatterplot. 



 

 
FIGURE 1.5 A smooth curve through the plotted points gives a graph of the pressure function 

 

2 - The Vertical Line Test for a Function 

 

    Not every curve in the coordinate plane can be the graph of a function. A function f can 

have only one value f(x) for each x in its domain, so no vertical line can intersect the graph of 

a function more than once. If a is in the domain of the function f, then the vertical line x = a 

will intersect the graph of f at the single point (a, f(a)) . 

   A circle cannot be the graph of a function since some vertical lines intersect the circle 

twice. The circle in Figure 1.6a, however, does contain the graphs of two functions of x: 

The upper semicircle defined by the function f(x) =√1 − 𝑥2 and the lower semicircle defined 

by the function g(x) = - √1 − 𝑥2 (Figures 1.6b and 1.6c). 

 
FIGURE 1.6 (a) The circle is not the graph of a function;  it fails the vertical line test . (b) The upper semicircle is the 

graph of a function f(x) = √1 − 𝑥2 . (c) The lower semicircle is the graph of a function g(x) = −√1 − 𝑥2 . 
 

3 - Piecewise-Defined Functions 

Sometimes a function is described by using different formulas on different parts of its 

domain. One example is the absolute value function 

 

 

 
FIGURE 1.7 The absolute value function has domain (- ∞, ∞) and range [0, ∞). 

 



 

EXAMPLE 3: The function 

 
    is defined on the entire  real line but has values given by different  formulas  depending on 

the position of x. The values of f are given by y = -x when x < 0, y = 𝑥2 when 0 ≤  𝑥 ≤  1, 

and y = 1 when  x > 1. The function, however, is just one function whose domain is the entire 

set of real numbers (Figure 1.8). 

 
FIGURE 1.8 To graph the function y = f(x) shown here, we apply different formulas to different parts of its 

domain (Example 3). 

 

EXAMPLE 4: The function whose value at any number x is the greatest integer less than or 

equal to x is called the greatest integer function or the integer floor function. It is denoted 
⌊𝑥⌋. Figure 1.9 shows the graph. Observe that 
⌊2.4⌋ = 2, ⌊1.9⌋ = 1 , ⌊0⌋ = 0 , ⌊−1.2⌋ = 2 , ⌊2⌋ = 2 , ⌊0.2⌋ = 0 ,⌊−0.3⌋ = −1 , ⌊−2⌋ = −2 

 
FIGURE 1.9 The graph of the greatest integer function y =⌊𝑥⌋ lies on or below the line y = x, so it provides 

an integer floor for x (Example 4). 

EXAMPLE 5: The function whose value at any number  x  is the smallest integer greater 

than or equal to x is called the least integer function or the integer ceiling function . It is 

denoted ⌈𝑥 ⌉. Figure 1.10 shows the graph. For positive values of x, this function might 

represent. 
 

 

 

 

 

 

 

 

 

 

 

 

FIGURE 1.10 The graph of the least integer function 𝑦 = ⌈𝑥 ⌉ lies on or above the line y = x , so it provides 

an integer ceiling for x (Example 5) . 



 

4 - Increasing and Decreasing Functions 

   If the graph of a function climbs or rises as you move from left to right, we say that the 

function is increasing. If the graph descends or falls as you move from left to right, the 

function is decreasing. 

 
 

    It is important to realize that the definitions of increasing and decreasing functions must be 

satisfied for every pair of points 𝑥1 and 𝑥2 in I with 𝑥1 < 𝑥2. Because we use the inequality < 

to compare the function values, instead of ≤, it is sometimes said that f is strictly increasing 

or decreasing on I. The interval I may be finite (also called bounded) or infinite (unbounded) 

and by definition never consists of a single point. 
 

EXAMPLE 7: The function graphed in Figure 1.8 is decreasing on (-∞, 0] and increasing on 

[0, 1]. The function is neither increasing nor decreasing on the interval [1, ∞) because of the 

strict inequalities used to compare the function values in the definitions.  

 

Even Functions and Odd Functions: Symmetry 

The graphs of even and odd functions have characteristic symmetry properties. 

 

 
The graph of an even function is symmetric about they-axis. Since f( -x) = f(x) . 

The graph of an odd function is symmetric about the origin. Since f( -x) = - f(x) . 

 

 
FIGURE 1.11 (a) The graph of 𝑦 = 𝑥2 (an even function) is symmetric about the y-axis. (b) The graph of 

𝑦 = 𝑥3 (an odd function) is symmetric about the origin. 

 



 

EXAMPLE 8 

𝑓(𝑥) = 𝑥2                Even function: (−𝑥)2 = 𝑥2  for all x; symmetry about y-axis. 

𝑓(𝑥) = 𝑥2 + 1          Even function: (−𝑥)2 + 1 = 𝑥2 + 1  for all x; symmetry about y-axis.      

 

                             (Figure1.12a). 

f(x) = x                 Odd function: (-x) = -x for all x; symmetry about the origin. 

f(x) = x +1             Not odd: f( -x) = -x + 1, but - f(x) = -x - 1. The two are not equal. 

                             Not even: (-x) + 1 ≠ x + 1 for all x ≠ 0 (Figure 1.12b). 

 

FIGURE 1.12 (a) When we add the constant term 1 to the function y = 𝑥2, the resulting function  y = 𝑥2 + 1 

is still even and its graph is still symmetric about the y-axis. (b) When we add the constant term 1 to the 

function y = x, the resulting function y = x + 1 is no longer odd. The symmetry about the origin is lost. 

 

Common Functions: 

   A variety of important types of functions are frequently encountered in calculus. We 

identify and briefly describe them here. 

 

Linear Functions A function of the form f(x) = mx + b, for constants m and b, is called a 

linear function. Figure 1.13a shows an array of lines f(x) = mx where b = 0, so these lines 

pass through the origin. The function f(x) = x where m = 1 and b = 0 is called the identity 

function. Constant functions result when the slope m = 0 (Figure1.13b). A linear function 

with positive slope whose graph passes through the origin is called a proportionality 

relationship. 

 

 
 FIGURE 1.13 (a) Lines through the origin with slope m. (b) A constant function with slope m = 0. 

 



 

 
 

    If the variable y is proportional to the reciprocal 1/x, then sometimes it is said that y is 

inversely proportional to x (because 1/x is the multiplicative inverse of x). 

 

Power Functions A function f(x) = 𝑥𝑎 , where a is a constant, is called a power function. 

There are several important cases to consider. 

 

(a) a = n, a positive integer. 

 

 
 

FIGURE 1.14 Graphs of f(x) = 𝑥𝑛 , n = 1,2,3,4,5, defined for -∞ < x < ∞ . 

 

(b) a = -1  or   a = -2 . 

 

FIGURE 1.15  Graphs  of  the  power functions  f(x) = 𝑥𝑎  for  part  (a) a = -1  and  for  part (b) a = -2. 
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function is defined for all real x. Their graphs are displayed in Figure 1.16 along with the 

graphs of y = 𝑥
3

2⁄   and   y = 𝑥
2

3⁄ . (Recall that 𝑥
3

2⁄    = (𝑥
1

2⁄ )
3
  and 𝑥

2
3⁄  = (𝑥

1
3⁄ )

2
  . 



 

 
 

FIGURE 1.16 Graphs of the power functions a = 
1

2
 , 

1

3
  , 

3

2
  and  

2

3
 . 

 

 

Polynomials A function p is a polynomial if 
 

𝑝(𝑥) =  𝑎𝑛𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 + ⋯ + 𝑎1𝑥 + 𝑎0 

 

Where n is a nonnegative integer and the numbers 𝑎0, 𝑎1, 𝑎2,…, 𝑎𝑛 are real constants (called 

the  coefficients of  the polynomial) . All polynomials have domain (- ∞, ∞). If the leading 

coefficient 𝑎𝑛≠ 0 and n > 0, then n is called the degree of the polynomial. Linear functions 

with   m ≠ 0   are polynomials of degree 1. Polynomials  of  degree  2 , usually written  as        

p(x) = a𝑥2 + bx + c ,  are  called  quadratic functions . Likewise, cubic functions are 

polynomials p(x) = a𝑥3 + b𝑥2 + cx + d of degree 3. Figure 1.17 shows the graphs of three 

polynomials. 

 

 

 
 

FIGURE 1.17 Graphs of three polynomial functions. 

 

 

 

Rational Functions A rational function is a quotient or ratio f(x) = p(x)/q(x), where p and q 

are polynomials. The domain of a rational function is the set of all real x for which q(x) ≠ 0. 

The graphs of several rational functions are shown in Figure 1.18. 



 

 
FIGURE 1.18 Graphs of three rational functions. The straight red lines are called asymptotes and are not 

part of the graph. 

 

Algebraic Functions Any function constructed from polynomials using algebraic operations 

(addition, subtraction, multiplication, division, and taking roots) lies within the class of 

algebraic functions. All rational functions are algebraic, but also included are more 

complicated functions (such as those satisfying an equation like     𝑦3 − 9𝑥𝑦 + 𝑥3 = 0),  

Figure 1.19 displays the graphs of three algebraic functions. 

 

 
 FIGURE 1.19 Graphs of three algebraic functions. 

Trigonometric Functions The six basic trigonometric functions are (sine, cosine, tangent, 

cosecant, secant and cotangent). The graphs of the sine and cosine functions are shown in 

Figure 1.20. 

 
FIGURE 1.20 Graphs of the sine and cosine functions. 

Exponential Functions Functions of the form f(x) = 𝑎𝑥, where the base a > 0 is a positive 

constant and a of 1, are called exponential functions. All exponential functions have 

domain (- ∞, ∞) and range (0, ∞), so an exponential function never assumes the value 0. The 

graphs of some exponential functions are shown in Figure 1.21. 



 

 
 

FIGURE 1.21 Graphs of exponential functions. 

Logarithmic Functions These are the functions f(x) = log𝑎 𝑥, where  the  base  a ≠1 is  a 

positive constant . Figure 1.22 shows the graphs of four logarithmic functions with various 

bases. In each case the domain is (0, ∞) and the range is (-∞, ∞). 

 

     

 
FIGURE 1.22 Graphs of four logarithmic functions.      FIGURE 1.23 Graph of a catenary or hanging cable.     

 

                                                                                         (The Latin word catena means "chain.") 

 

 

Transcendental Functions These are functions that are not algebraic. They include the 

trigonometric, inverse trigonometric, exponential, and logarithmic functions, and many other 

functions as well. A particular example of a transcendental function is a catenary. 

Its graph has the shape of a cable, like a telephone line or electric cable, strung from one 

support to another and hanging freely under its own weight (Figure 1.23).  

 

 

 

 

 

 

 

 



 

LIMITS AND CONTINUITY 

 

 



 

 

 



 

 

 



 

 

 
 



 

 
 

 
 



 

 
 



 

 



 

 

 



 

 

 



 

 



 

 
 

 
 



 

 



 

 

 



 

 

 



 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

DIFFERENTIATION 

 



 

 

 



 

 

 



 

 

 



 



 



 



 



 

 



 



 



 

 

 

 

 

 

 

 

 

 

 



 

INTEGRATION 

 

The Fundamental Theorem of Calculus 



 



 



 



 



 



 

 


