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Transportation Problem 

 :INTRODUCTION :1.1 

This is a type of linear programming problem that may be solved using a 

simplified version of the simplex technique called transportation 

method. Because of its major application in solving problems involving 

several product sources and several destinations of products, this type 

of problem is frequently called the transportation problem. In a 

transportation problem, we have certain origins, which may represent 

factories where we produced items and supply a required quantity of 

the products to a certain number of destinations. This must be done in 

such a way as to maximize the profit or minimize the cost. Thus we have 

the places of production as origins and the places of supply as 

destinations. Sometimes the origins and destinations are also termed as 

sources and sinks. 

:TRANSPORTATION PROBLEM :1.2 

The transportation problem seeks to minimize the total shipping costs of 

transporting goods from m origins (each with a supply 𝑺𝒊) to n 

destinations (each with a demand 𝒅𝒋), when the unit shipping cost from 

an origin, i , to a destination, j, is 𝒄𝒊𝒋. 

:Transportation model is used in the following :.31 

a)) To decide the transportation of new materials from various centers 
to different manufacturing plants. In the case of multi-plant company 
this is highly useful. 

b)) To decide the transportation of finished goods from different 

manufacturing plants to the different distribution centers. For a multi-



Oras B. Jameel 
stage htTransportation Problem                        4-Linear Programming 

2 

--------------------------------------------------------------------------------------------------------------------------- 

plant-multi-market company this is useful. These two are the uses of 

transportation model. The objective is minimizing transportation cost. 

 :MATHEMATICAL FORMULATION  :.41 

Supposed a company has m warehouses and n retail outlets. A single 

product is to be shipped from the warehouses to the outlets. Each 

warehouse has a given level of supply, and each outlet has a given level 

of demand. We are also given the transportation cost between every 

pair of warehouse and outlet, and these costs are assumed to be linear. 

More explicitly, the assumptions are: 

a))   The total supply of the products from warehouse 

i =𝒂𝒊,where i= 1,2,3...m. 

b))    The total Demand of the products at the outlet 

 j =𝒃𝒋, where j= 1,2,3,...n. 

c))   The cost of sending one unit of the product from warehouse i to 

outlet j is equal to 

𝑪𝒊𝒋, where i= 1,2,3...m and j= 1,2,3,...n . 

 The total cost of a shipment is linear in size of shipment. 

:The Decision Variables :.1.41 

 The variables in the Linear Programming (LP) model of the TP will hold 

the values for the number of units shipped from one source to a 

destination. The decision variables are: 

𝑿𝒊𝒋 = the size of shipment from warehouse i to outlet j , 
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Where i= 1,2,3...m and j 1,2,3,...n . 

 This is a set of m .n variables. 

:The Objective Function .2.41 

 The objective function contains costs associated with each of the 

variables. It is a minimization problem. Consider the shipment from 

warehouse i to outlet j . For any i and j , the transportation cost per unit 

𝑪𝒊𝒋 and the size of the shipment is 𝑿𝒊𝒋 . Since we assume that the total 

cost function is linear, the total cost of this shipment is given by 𝒄𝒊𝒋𝐱𝐢𝐣 

Summing over all i and j now yields the overall transportation cost for all 

warehouse-outlet combinations. That is, our objective function is: 

Minimize ∑ ∑ 𝑋𝑖𝑗𝐶𝑖𝑗

𝑛

𝑗=1

m

i=1

 

:The Constraints .3.41 

 The constraints are the conditions that force supply and demand needs 

to be satisfied. In a Transportation Problem, there is one constraint for 

each node. Let a1 denote a source capacity and b1 denote destination 

needs 

 i) The supply at each source must be used: 

                      ∑ Xij
n
j=1 = ai  ,i=1,2,3,…m                            

ii)The demand at each destination must be met: 

                      ∑ X ij
m
i=1 = bj  ,j=1,2,3,…,n                                                                

 iii)  No negativity: 

                       𝑋𝑖𝑗≥0, i and j 
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 The transportation model will then become: Minimizing the 

transportation cost 

Minimize Z = ∑ ∑ 𝑋𝑖𝑗𝐶𝑖𝑗     
 

𝑛

𝑗=1

m

i=1

 … … ..      (1) 

∑ 𝑋𝑖𝑗

𝑛

𝑗=1

≤ 𝑎𝑖   (𝑖 = 1,2,3 … 𝑚     ;   … … . (2)  (𝐷𝑒𝑚𝑎𝑛𝑑 𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 ) 

∑ 𝑋𝑖𝑗 ≥ 𝑏𝑖𝑗   (𝑗 = 1,2,3 … 𝑛     ;      … … . (3) (𝑆𝑢𝑝𝑝𝑙𝑦 𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡)

𝑚

𝑖=1

 

𝑋𝑖𝑗 ≥ 0 ,    (𝑖 = 1,2,3 … 𝑚    ;   𝑗 = 1,2,3 … 𝑛                                 

 This is a linear program with m.n decision variables, m+n functional 

constraints, and 

m n nonnegative constraints. 

m= Number of sources. 

n =Number of destinations. 

𝒂𝒊 =Capacity of i-th source (in tons, pounds, liters, etc). 

 𝒃𝒋=Demand of j-th destination (in tons, pounds, liters, etc). 

𝒄𝒊𝒋= cost coefficients of material shipping (unit shipping cost) between   

i-th source and j-th destination (in $ or as a distance in kilometers, miles, 

etc.) 

𝐱𝐢𝐣 = amount of material shipped between i-th source and j-th 

destination (in tons, pounds, liters etc). 
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:Transportation problem Balanced  :51. 

 A necessary and sufficient condition for the existence of a feasible 
solution to the transportation problem is that 

∑ 𝑎𝑖 = ∑ b

n

j=1

 j

m

i=1

 

The set of constraints :Remark  

∑ 𝑋𝑖𝑗 = bj  and  ∑ Xij

n

j=1

m

i=1

= ai 

 represents m n equations in m.n non-negative variables. Each variable 
𝑿𝒊𝒋 appears in exactly two constraints, one is associated with the origin 

and the other is associated with the destination. 

:UNBALANCED TRANSPORTATION PROBLEM  :61.  

 The transportation problem is known as an unbalanced transportation 
problem. There are two cases 
Case(1) 

∑ 𝑎𝑖 > ∑ bj

n

j=1

m

i=1

 

Case (2) . 

∑ 𝑎𝑖 < ∑ bj

n

j=1

m

i=1

 

 

 Introduce a dummy origin in the transportation table; the cost 

associated with this origin is set equal to zero. The availability at this 

origin is: 

∑ 𝑏𝑗

𝑛

𝑗−1

− ∑ 𝑎𝑖

𝑚

𝑖=1

= 0 
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:TABLEAU TRANSPORTATION: 1.7 

 The transportation problem can be described using linear programming 

mathematical model and usually it appears in a transportation tableau. 

The model of a transportation problem can be represented in a concise 

tabular form with all the relevant parameters. 

 The transportation tableau (A typical TP is represented in standard 

matrix form), where supply availability (𝑎𝑖) at each source is shown in 

the far right column and the destination requirements (𝑏𝑗) are shown in 

the bottom row. Each cell represents one route. The unit shipping cost 

(𝐶𝑖𝑗) is shown in the upper right corner of the cell, the amount of 

shipped material is shown in the centre of the cell. The transportation 

tableau implicitly expresses the supply and demand constraints and the 

shipping cost between each demand and supply point.  

Table 1.0: THE TRANSPORTATION TABLEAU Source supply 
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 :NETWORK REPRESENTATION OF TRANSPORTATION PROBLEM  :.81

Graphically, transportation problem is often visualized as a network with 

m source nodes, n 

sink nodes, and a set of m.n “directed arcs” This is depicted in Fig 1. 

 

Figure .1 Network representation of the transportation problem 

 Unit of Supply(Si)                                                Units of Demand(di) 

 

 In the diagram there are 𝑺𝟏… 𝑺𝒏sources and 𝑫𝟏. … 𝑫𝒏 destination. The 

arrows show flows of output from source to destination .Each 

destination is linked to each source by an arrow. The number 

𝑪𝟏… 𝑪𝒏 above each arrow represents the cost of transporting on that 

route. Problems with the above structure arise in many applications. For 

example, the sources could represent warehouses and the sinks could 

represent retail. 
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 :)The Initial Basic Feasible Solution (BFS: 1.9  

 Let us consider a T.P involving m origins and n destinations 

Transportation with m-origins and n-destinations can have m+n-1 

positive basic variables. 

Since the sum of origin capacities equals the sum of destination 

requirements, a feasible solution always exists. Any feasible solution 

satisfying m + n – 1 of the m + n constraints is a redundant one and 

hence can be deleted. This also means that a feasible solution to a T.P 

can have at the most only. 

Finding initial Feasible Solution of Balanced Basic 

Transportation Problem 

)North West Corner Method (NWC :9.1.1 

The North west corner rule is a method for computing a basic feasible 

solution of a Transportation Problem where the basic variables are 

selected form the North _West corner (i.e., top left corner) 

The method starts at the north west _corner cell (route). The major 

advantage of the north _west corner rule method is that it is very simple 

and easy to apply. Its major disadvantage, however, is that it is not 

sensitive to costs and consequently yields poor initial solutions  

: The North Corner Method summary of Steps 

1.  Allocate as much as possible to the cell in the upper left _hand 

corner, subject to the supply and demand conditions. 

2.  Allocate as much as possible to the next adjacent feasible cell. 

3.  Repeat step 2 until all rim requirements are met. 
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)EXAMPLE (1 

Table: A Balance transportation problem 

Supply C B A To 

From 

150 10  8  6  1 

   

175 11  11  7  2 

   

275 12  5  4  3 

   

600 300 100 200 Demand 

In the North West corner method the largest possible allocation is made 
to the cell in the upper left-hand corner of the tableau, followed by 
allocations to adjacent feasible cells. 

Table: The Initial North West Corner Solution 

Supply C B A To 

From 

150 10  8  6  1 

  150 

175 11  11  7  2 

25 100 50 

275 12  5  4  3 

275   

600 300 100 200 Demand 
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The Initial NW Corner Solution  

This transportation tableau has: 

The total demand =200+100+300=600 Units. 

The total supply =150+175+275 =600 Units. 

Hence the tableau is balance  

We first allocate as much as possible to cell, A (north west corner). This 

amount is 150 tons, since that is the maximum demanded by grain 1, 

even though 200 tons are demanded by mill A This initial allocation, in 

this initial allocation is shown in Table. We next allocate to cell adjacent 

to cell 1A, in this case either cell 2A or cell 1B. However, cell 1B no 

longer represents a feasible allocation, because the total tonnage of 

wheat at available at source 1(i.e.150 tons) has been allocation Thus, cell 

2A represents the only feasible alternative, and as much as possible is 

allocated to this cell, The amount allocated at 2A can be either 175 tons, 

the supply available from source 2, or 50 tons, the amount now 

demanded at destination A. Because 50 tons is the most constrained 

amount, it is allocated to cell 2A. As shown in table the third allocation is 

made in the same way as the second allocation. The only feasible cell 

adjacent to cell 2A is 2B. The most that can be allocated is either 100 

tons (the amount demanded at mill B) or 125 tons (175 tons minus the 

50 tons allocated to cell 2A). The smaller (most constrained) amount, 

100 tons, is allocated to cell 2B, as shown in Table. The fourth allocation 

is 25 tons to cell 2C, and the fifth allocation is 275 tons to cell 3C, both of 

which are shown in Table. 

:Testing for Optimality 

The allocations made by the method is BFS (m+n-1) =3+3-1=5, which 

equals the number of allocation made. Since the number of occupied 

cell 5 is equal (3+3-1). The condition is satisfied. The initial solution is 

complete when all rim requirements are satisfied. 

The starting solution (consisting of 4 basic variables) is 
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X2A=50 tons, 

X2B=100 tons, 

X2C=25 tons, 

X3C=275 tons, 

Transportation cost is computed by evaluating the objective function: 

Z= 𝟔𝑿𝟏𝑨 + 𝟖𝑿𝟏𝑩 + 𝟏𝟎𝑿𝟏𝑪 + 𝟕𝑿𝟐𝑨 + 𝟏𝟏𝑿𝟐𝑩 + 𝟏𝟏𝑿𝟐𝑪 + 𝟒𝑿𝟑𝑨 +

𝟓𝑿𝟑𝑩 + 𝟏𝟐𝑿𝟑𝑪 

= 6(150) + 8(0) +10(0) +7(50) 11(100) +11(25) +4(0) +5(0) +2(275) 

= 5,925 $ 

------------------------------------------------------------------------------------------------ 

 :The Minimum cell cost (Least cost) Method :1.9.2 

Matrix minimum method is a method for computing a basic feasible 

solution of a transportation problem where the basic variables are 

chosen according to the unit cost of transportation. The minimum _cost 

method finds a better starting solution by concentrating on the cheapest 

routing.  

:Steps 

  1- Identify the box having minimum unit transportation cost (𝐶𝑖𝑗) 

2- If there are two or more minimum cost, select the row and the 

column corresponding to the lower numbered row. 

3-If they appear in the same row, select the lower numbered column. 

4- Choose the value of the corresponding𝑋𝑖𝑗   as much as possible 

subject to the capacity and requirement constraints. 
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5-If demand is satisfied, delete the row. 

6-If supply is exhausted, delete the row. 

7- Repeat steps 1-6 until all restrictions are satisfied. 

In the minimum cell cost method as much as possible is allocated to the 

cell with the minimum cost followed by allocation to the feasible cell 

with minimum cost  

):(2 EXAMPIE 

In the minimum cell cost method as much as possible is allocated to the 

cell with the minimum cost followed by allocation to the feasible cell 

with minimum cost. 

Table The starting solution using Minimum cell Method. 

Supply C B A To 
From 

150 10  8  6  1 

   

175 11  11  7  2 
   

275 12  5  4  3 
  200 

600 300 100 200 Demand 

 

 

 

 

 



Oras B. Jameel 
stage htTransportation Problem                        4-Linear Programming 

13 

--------------------------------------------------------------------------------------------------------------------------- 

Table: The second minimum cell cost allocation. 

Supply C B A TO 
From 

150 10  8  6  1 

   

175 11  11  7  2 

   
275 12  5  4  3 

 75 200 

600 300 100 200 Demand 

 

 The starting  solution using minimum cell method the complete initial 

minimum cell cost solution, total cost = 4,550$ .the minimum cell cost 

method will provide a solution with a lower cost than the north west 

corner solution by cause it considers cost in the allocation process . 

 

 

Supply C B A To 
From 

150 10  8  6  1 

125 25  

175 11  11  7  2 

175   

275 12  5  4  3 

 75 200 

600 300 100 200 Demand 
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:The Minimum cell cost Method summary of steps 

1-Allocate as much as possible to the feasible cell with the minimum 
transportation cost and adjust the rim requirements. 

2-Repeat step 1 until rim requirements has been met. 

---------------------------------------------------------------------------------------------- 

):(VAM Vogel's Approximation method:1.9.3 

VAM is an improved version of the least-cost method that generally, but 
not always, produces better starting solutions. VAM is based upon the 
concept  of minimizing opportunity (or penalty) costs. The opportunity 
cost for a given supply row or demand column is defined as the 
difference between the lowest cost and the next lowest cost alternative.  

are as VAM The steps involved in determining an initial solution using 

: follows 

Step 1:-write the given transportation problem in tabular from (if not 

given) 

Step 2:-compute the difference between the minimum cost and the next 

minimum cost corresponding to each row and each column which is 

known as penalty cost. 

Step 3:-choose the maximum difference or highest penalty cost . 

suppose it corresponds to the𝑖𝑡ℎ row. choose the cell with minimum 

cost in the  𝑖𝑡ℎ row. Again if the maximum corresponds to a column, 

choose the cell with the minimum cost in this column. 

Step 4 :-  suppose it is (𝒊, 𝒋)𝒕𝒉   cell. Allocate min (𝒂𝒊,𝒃𝒋) to this cell. If the 

min(𝒂𝒊,𝒃𝒋)=𝒂𝒊  ,the availability of the  𝒊𝒕𝒉  origin exhausted and demand 

at the 𝒋𝒕𝒉 destination remains as 𝒃𝒋_𝒂𝒊   and the 𝒊𝒕𝒉 row is deleted from 

the table . Again if min(𝒂𝒊 ,𝒃𝒋)=𝒃𝒋 , then demand at the 𝒋𝒕𝒉 destination is 

fulfilled and the availability at the  origin remains to be  𝒂𝒊_𝒃𝒋 and the  

𝒋𝒕𝒉  column is deleted from the table . 

Step 5: -Repeat steps 2, 3, 4 with the remaining table until all origins are 

exhausted and all demands are fulfilled  
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-Method is based on the concept of penalty cost or regret  

-A penalty cost is the difference between the largest and the next largest 

cell cost in a row (or column). 

-In VAM the first step is to develop a penalty cost for each source and 

destination.  

-Penalty cost is calculated subtracting the minimum cell cost from the 

next higher cell cost in each row and column. 

 

Vogel's Approximation method (VAM) summary of steps.  

1-Determine the penalty cost for each row and column. 

2- select the row or column with the highest penalty cost. 

3- Allocate as much as possible to the feasible cell with the lowest 

transportation cost in the row or column with the highest potation cost. 

4-Repeat steps 1, 2 and 3 until all rim requirements have been met. 

 ):(3EXAMPLE 

Table:The VAM penalty costs. 

 

 
2 

 
 

4 
 

1 
 
 

Supply C B A TO 
from 

150 10  8  6  1 
   

175 11  11  7  2 
   

275 12  5  4  3 
   

600 300 100 200 Demand 

                         2                               3                           1             
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-VAM allocates as much as possible to the minimum cost cell in the row 

or column with the largest penalty cost. 

Table: The Initial VAM Allocation. 

 
 
 

2 
 
 
 
 
 
 

1 

Supply C B A To 
from 

150 10  8  6  1 

   

175 11  11  7  2 

  175 

275 12  5  4  3 

   

600 300 100 200 Demand 

                           2                            3                             2                             

 

After each VAM cell allocation, all row and column penalty cost are 

recomputed. 

Table: The Second VAM Allocation. 

 
 
 

4 
 
 
 
 
 

8 

Supply C B A TO 
from 

150 10  8  6  1 

   

175 11  11  7  2 

  175 

275 12  5  4  3 

150 100 25 

600 300 100 200 Demand 

                                 2                                                     2 
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Re-computed penalty cost after the third allocation 

Table: The Third VAM Allocation. 

 

-The initial VAM solution, total cost =$5,125 

-VAM and minimum cell cost methods both provide better initial 

solution than does the north west corner method.   

Table: The Initial VAM solution. 

 

Supply C B A To 
From 

150 10  8  6  1 

150   

175 11  11  7  2 

  175 

275 12  5  4  3 

150 100 25 

600 300 100 200 Demand 

Supply C B A To 
From 

150 10  8  6  1 

150   

175 11  11  7  2 

  175 

275 12  5  4  3 

150 100 25 

600 300 100 200 Demand 
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Methods for solving Transportation Problems to ) 10-1(

:Optimality 

To obtain an optimal solution by making successive improvements to 

initial basic feasible solution until no further decrease in the 

transportation cost is possible. An optimal solution is one where there is 

no other set of transportation routes that will further reduce the total 

transportation cost. 

The widely used methods for finding an optimal solution are: 

1. Stepping stone method. 

2. Modified Distribution (MODI) method. 

They differ in their mechanics, but will give exactly the same results and 

use the same testing strategy. 

:ethodM Solution toneS-Stepping) 1-10-1( 

- Once an initial solution is derived, the problem must be solved 

using either the stepping-stone method or the modified distribution 

method(MODI). 

- The initial solution used as a starting point in this problem is the 

minimum cell cost method solution because it had the minimum 

total cost of the three methods used. 

Table: The Minimum Cell Cost Solution. 

Supply C B A To 
From 

150 10  8  6  1 

125 25  

175 11  11  7  2 

175   

275 12  5  4  3 

 75 200 

600 300 100 200 Demand 



Oras B. Jameel 
stage htTransportation Problem                        4-Linear Programming 

19 

--------------------------------------------------------------------------------------------------------------------------- 

Table: The Allocation of One Ton from Cell A1.  

 

Table: The Subtraction of One Ton from Cell B1. 

- Must subtract one ton from another allocation along that row. 

99 

 

 

 

 

Supply C B A To 
From 

151 150 10  8  6  1 

125 25  

175 11  11  7  2 

175   

275 12  5  4  3 

 75 200 

600 300 100 200 Demand 

Supply C B A To 
From 

150 10  8 -1 6 +1 1 

125 25  

175 11  11  7  2 

175   

275 12  5  4  3 

 75 200 

600 300 100 200 Demand 
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Table: The Addition of one ton to Cell B3 and the Subtraction of 

one ton from Cell A3 

 

Table: The Stepping-Stone Path for Cell A2  

An empty cell that will reduce cost is a potential entering variable 

                   A3 B3 B1 C1 C2 A2 

+7-11+10-8+5-4=-$1 

 

 

Supply C B A To 
From 

150 10  8 -1 6 +1 1 

125 25  

175 11  11  7  2 

175   

275 12  5 +1 4 -1 3 

 75 200 

600 300 100 200 Demand 

Supply C B A To 
From 

150 10 + 8 - 6  1 

125 25  

175 11 - 11  7 + 2 

175   

275 12  5 + 4 - 3 

 75 200 

600 300 100 200 Demand 
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Table: The Stepping-Stone Path for Cell B2  

 B1 C1 C2 B2 

+11-11+10-8=+$2 

Table: The Stepping-Stone Path for Cell C3  

 B3 B1 B1 C1 C3 

+12-10+8-5=+$5 

 

 

Supply C B A To 
From 

150 10 - 8 + 6  1 

125 25  

175 11 + 11 - 7  2 

175   

275 12  5  4  3 

 75 200 

600 300 100 200 Demand 

Supply C B A To 
From 

150 10 - 8 + 6  1 

125 25  

175 11  11  7  2 

175   

275 12 + 5 - 4  3 

 75 200 

600 300 100 200 Demand 
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Table: The Stepping-Stone Path for Cell A1  

After all empty cells are evaluated; the one with the greatest cost 

reduction potential is the entering variable. 

Note: A tie can be broken arbitrary. 

*Do the second iteration (check). 

 

The stepping-stone process is repeated until none of the empty cells will 

reduce costs (i.e., an optimal solution).  

Solution and total minimum cost: 

,=25 tonsA1X 

,=175 tonsC2X 

,=175 tonsA3X 

,=125 tonsC1X 

.=100 tonsB3X 

Z=6(25) +8(0) +10(125) +7(0) +11(0) +11(175) +4(175) +5(100) +12(0) 

  =$4,525. 

Supply C B A To 
From 

150 10  8 - 6 + 1 

125 25  

175 11  11  7  2 

175   

275 12  5 + 4 - 3 

 75 200 

600 300 100 200 Demand 


